A microscopic empirical model of bulk modulus based on atomic-scale parameters is proposed. These parameters include the bond length, the effective bonded valence electron (EBVE) number, and the coordination number product of two bonded atoms, etc. The estimated bulk moduli from our model are in good agreement with experimental values for various polar covalent crystals including ionic crystals. Our current work sheds lights on the nature of bulk modulus, provides useful clues for design of crystals with low compressibility, and is applicable to complex crystals such as minerals of geophysical importance.
I
n the past several decades, great efforts have been made to establish direct correlations between the macroscopic mechanical properties and the microscopic parameters of solid. Such correlations can reveal the crucial factors that determine materials mechanical properties. More importantly, they can be used to estimate mechanical properties of designed crystals and provide insightful information before experimental trials. Up to now, some important progresses have been achieved. For example, microscopic hardness models have been constructed in terms of atomic-scale parameters and used extensively experimentally as well as in superhard materials design 1 . However, microscopic models for other mechanical properties, such as bulk modulus [2] [3] [4] , are still in the primary stage.
Bulk modulus measures material's resistance to uniform compression, and is highly related to the chemical composition and crystal structure. Materials with high bulk modulus are potentially superhard materials according to the rough correlation between bulk modulus and hardness 5 . Moreover, bulk modulus is relevant to geophysics since it is involved in the interpretation of earth's seismic properties. Numerous experimental and theoretical efforts on bulk modulus have thus been undertaken. However, the measurements of the bulk moduli are nontrivial and values for many materials are still unavailable or unreliable. Concurrently, theoretical calculations of bulk moduli are performed mainly with two approaches. The first is based on ab initio techniques. Unlike hardness, bulk modulus is a strictly defined thermodynamic quantity (B 5 2VdP/dV), and can thus be obtained theoretically by either using the stain-stress method 6 , or fitting the calculated total energy with Murnaghan equation of state 7 and Birch-Murnaghan equation of state 8 . These ab initio calculations, relying on computational facilities, can also provide details of the bonding, structural, and electronic properties of solids 9 . The second is empirical approaches based on readily accessible parameters, e.g. chemical bond length, valence, and ionicity. The empirical models can estimate bulk moduli of crystals with the advantage of simplicity and comparable accuracy as ab initio ones, but usually different quantification schemes are being used for different class of crystals.
To put present work in context, a brief review of empirical approaches for bulk modulus estimation is necessary. In 1923, Bridgman proposed an empirical relationship between bulk modulus and molar volume for metals 10 . Sequentially, researchers revealed the bulk moduli of minerals are controlled primarily by the specific volume per ion pair [11] [12] [13] . Jayaraman correlated the bulk modulus with the unit cell volume and the effective covalence product for rocksalt-structured rare-earth compounds 14 . It was established that, for a given class of materials with identical crystal structure and similar bonding properties, the bulk modulus would scale with the unit cell volume according to B~B 0 V {p 0 , where B 0 and p, constants characteristic of selected materials family, are mainly determined by the type of chemical bond (e.g. bond ionicity) and the dependence of the interatomic potential on the interatomic distance, respectively 15 . Hazen and Finger proposed a more general bulk modulusvolume relationship for cation coordination polyhedral in a variety of structure types including oxides, silicates, halides, sulfides, phosphides, and carbides: B~7:5S 2 Z a Z c . d 3 , where B, S 2 , d, Z a and Z c are the polyhedral bulk modulus, an empirical ionicity, the mean cation-anion separation, cation and anion formal charge, respectively 16 . However, application of this model to rutile-type oxides showed large deviations from experimental values as pointed out by the same authors 17 . In his seminal work for zincblende semiconductors, Cohen assumed the bulk modulus of covalent crystals should obey the scaling relation between covalent bond energy and the bond volume change, and proposed a bulk modulus model using bond length and an ionicity parameter 2 , partitioning of the elastic constants with the atomic basin concept 22 , etc. Details of these models are less relevant to present work. It should be noted that some of the key variables used in these models are undeducible from the crystal structural information and have to be provided otherwise, which limit these models' applicability.
The bulk modulus of a crystal microscopically depends on the nature of its chemical bonds such as bond length and type, as corroborated in the empirical relationships between bulk modulus and specific volume (or bond length). Also, a crystal structure dependence of bulk modulus was revealed 4, 23, 24 . To formulate a microscopic bulk modulus model with easy accessibility and broad applicability, input variables should be directly deducible for selected crystals. Parameterizing of the influences of bond type and crystal structure is thus prerequisite. Recently, we suggested a universal quantification of the bond strength in covalent and ionic crystals by using the proposed effectively bonded valence electron (EBVE) number, n AB , of a chemical bond 25, 26 , which can be used as a parameter to characterize bond type (See Method section for the details). For singlebond crystals, Levine pointed out the normalized bond volume, n 5 n b d 3 /V, can be used as a measure of crystal geometry, where n b , d, and V are the bond number in the unit cell, bond length, and unit cell volume, respectively 27 . Further analysis shows n is proportional to the product of coordination numbers for two bonded atoms, and distinguishes zincblende, wurtzite, rocksalt, CsCl, cuprite, fluorite, rutile, and corundum structures (Figure 1 ). This product can thus be used to characterize the crystal structure. We emphasize that both EBVE number and coordination number product can easily be calculated for a designated crystal and applied to multi-bond crystals.
Thus far, three main parameters affecting the bulk modulus, i.e. the bond length (d), EBVE number (n AB ) and coordination number product (p 5 N A N B ), are determined. Previous studies revealed the power-law behavior of the bond length (or unit cell volume) on bulk modulus 2, 15 . Also, the exponential dependence of the bond strength on EBVE number is emphasized 25 . These studies highlighted the roles of the bond length and valance electrons on bulk modulus, which can be quantified tentatively in terms of fundamental variables with the formalism,
where C, l, m, and k are the fitting constants. Table 1 ), our approach is to decompose the bulk modulus into parameters associated with individual chemical bonds, i.e. d, n AB , and p, by using Eqn. 1. The constants, C, l, m, and k, can be extrapolated from the experimental bulk modulus data for these covalent crystals with the LevenbergMarquardt method 28, 29 , giving
The key variables, experimental bulk moduli 3, 4, 16, [30] [31] [32] [33] [34] [35] [36] , and calculated bulk moduli from our model and from other models 3, 4 are listed in Table 1 for selected A   N   B 8-N type covalent crystals. The comparison between calculated bulk moduli and experimental values is emphasized in Figure 2 . The overall accuracy of our model is comparable with the electronegativity model 4 and better than that of Kamran et al 3 . Unlike the other two models, where either electronegativity or ionicity has to be determined through other way, all the input parameters in our model can be directly deduced from the designated crystal with simple arithmetic calculations, providing a unique advantage for its application. To further check the performance of Eqn. 2 for other similar crystals not included in Table 1 , and AgCl 41 in Table 2 . The consistence of bulk moduli from the experiments (ab initio calculations for BSb) and our empirical model is satisfying.
A n B m type covalent crystals. For selected A n B m (n=m) type crystals (Table 3) , bulk moduli calculated from Eqn. 2 are systematically smaller than experimental values 13, 17, 22, 42, 43 . It should be noted that an average bond length was used for rutile and corundum structures in Table 2 . Previously we chose p 5 N A N B as a characteristic of crystal geometry, which did not explicitly reveal the diversity of the coordination numbers as presented in A n B m crystals. Table 3 ). Here we choose the second scheme, Ionic crystals. In examining the bulk moduli for I-VII rocksalt ionic crystals, Cohen gave an approximate scaling, B 5 550d
23
, which differs from that for diamond-and zincblende-structured covalent crystals in the prefactor and power-law index 2 . We use Eqn. 1 to fit the experimental bulk moduli of rocksalt ionic crystals 23 , using fixed l (0.914) and k (1.485). The power-law index m determined here (23.43) is very close to the previous value (23.46) . For simplicity, an identical value of 23.46 is used, and the empirical bulk modulus formula for rocksaltstructured ionic crystals is deduced as
We apply Eqn. 4 to cesium halides with CsCl-structure and produce bulk moduli in great consistent with experimental ones 23 , as listed in Table 4 . Now we consider ionic crystals, such as Li 2 O, CaF 2 , SrF 2 , and BaF 2 , which possess one type of chemical bond and two distinct coordination numbers. At first glance, the bulk modulus for these crystals should be calculated in the same way as for A n B m type covalent crystals by introducing L 0.37 term into Eqn. 4. However, the calculated bulk moduli are systematically smaller than experimental values except for Li 2 O 22,44 . The ratios of B cal to B exp for CaF 2 , SrF 2 , and BaF 2 are approximately the same, indicating a common factor we may miss in the bulk modulus formula for ionic crystals. We note an obvious difference in cationic charge state of Li (11) and alkaliearth metal atoms (12) in these crystals. The valence electrons in ionic crystals, unlike those in covalent crystals distributed on the bond, are transferred from cations to anions, which weakens the resistance to
The key parameters, experimental and calculated bulk moduli are listed in Table 4 for selected ionic crystals. Again, a great consistency is achieved between the calculated bulk moduli and the experimental ones.
Multi-bond crystals. Up to now, we have formulated the bulk modulus for simple polar covalent crystals with parameters deduced from the crystal structure. The generalization of our bulk modulus model to complex multi-bond crystals is straightforward, since all the parameters used in our model are directly correlated to the chemical bond and can easily be applied to complex multi-bond crystals. The only issue is how to weight the contributions to bulk modulus from individual constitutional chemical bonds. Bulk modulus for a multicomponent material can be attributed to the contributions from individual components. From the definition of bulk modulus, B 5 2VdP/dV, we get Table 5 for representative multi-bond crystals 13, 22, [45] [46] [47] [48] . The global consistency between calculated bulk modulus and experimentally determined value are remarkably good considering the very simple assessment method and the relatively complex structure in multi-bond crystals. Here we calculate the bulk modulus of spinel . Also shown in www.nature.com/scientificreports 
where Q ionic 5 0.464Q 0.58 (Q is the cationic charge state) is an ionic term which need to be considered for ionic crystals. We thus formulate our empirical bulk modulus for polar crystals with Eqn. 7 and 6. In Figure 3 , bulk moduli from first principles calculations and our empirical model are compared with respect to the experimental values for some A N B 8-N type covalent crystals. Obviously, the accuracy of our model is comparable to LDA-U results and better than LDA-N, GGA-U, and GGA-N results. The advantage of our empirical model is obvious for saving a lot of calculation endeavor compared with these first-principles calculation methods.
It is interesting to further test our model to some geophysical interested materials. These materials usually have complex crystal structures and demonstrate polymorphism, which are difficult to be treated even with state of the art calculation methods. In Table 6 we list results for polymorphous Mg 2 SiO 4 , i.e. forsterite (a) 49 , wadsleyite (b) 50 , and ringwoodite (c) Mg 2 SiO 4 51 , based on our model. These materials are the main constituents of the middle and lower crust as well as upper mantle of the earth. The knowledge of the elastic properties of them is of great importance to understand earth's seismic properties. Our bulk modulus estimations, as listed in Table 6 , clearly reflex the relative values of different phases of Mg 2 SiO 4 with an acceptable accuracy. We compare the bulk moduli of a-, b-, and cMg 2 SiO 4 from first principles calculations and our empirical model with respect to the experimental values (See the inset to Figure 3) . Although the empirical model estimates bulk modulus with accuracy inferior to those from first principles calculations, the divergence is in the range of experimental error. Considering the simple formula of our model, it can thus be used to quickly estimate bulk modulus for complex crystals.
Some cautions must be exercised during applying our bulk modulus model. First, three dimensional bond network with clearly defined bonds are needed since our model is based on the partitioning of bulk modulus into individual bonds. Our empirical model thus does not work for transition metal (TM) borides where the chemical bonds between TM atoms and boron atoms are not well defined. Second, our model cannot be applied to crystals such as a-SiO 2 and anatase TiO 2 with an open-packed crystal structure. In these structures, bonds may not deform iso-structurally under compression: bond bending and/or non-centrosymmetric forces play important roles 13 . These structures can be discriminated by the normalized bond volume (n). As shown in Figure 1 , n for a-SiO 2 and anatase TiO 2 are obviously shifted away from the fitting straight line, indicating an open-packed crystal structure. Third, we note substantial deviations between the calculated bulk moduli from our model and experimental values for TM carbides and nitrides. Unlike TM oxides which are dominated with ionic character, TM carbides and nitrides are characterized with covalent bonds. The difficulty to make an effective assessment for TM carbides and nitrides mainly arises from this covalent character, with additional complexity from the diverse experimental values reported even for the same material. It is well known that the bond strength of s-p-d hybridized chemical bond is greater than that of s-p hybridized chemical bond 52 . In addition, felectrons would push out the spatial extent of the valence d-orbitals, allow d-electrons to make stronger directional bonds, and enhance bulk modulus 53 . Both effects are not easy to quantify within our simple model. Finally, it should be noted that our microscopic model is deduced based on the experimental bulk modulus data obtained at room temperature. Accordingly, our model works at room temperature and the temperature effect on bulk modulus is out of the scope of current work 54, 55 .
To end this paper, we emphasize that our model only need input variables which can be directly deduced from the crystal structure, providing us a general yet powerful tool for bulk modulus evaluation. Pivotal parameters determining bulk modulus are clearly revealed from our model: Short bond length, high EBVE number, and large coordination number are preferred for achieving high bulk modulus. Moreover, the contributions from individual chemical bonds to bulk modulus can readily be partitioned in our model, which is important for design of materials with low compressibility.
Methods
During compression, it is the disturbed valence electrons that determine the bulk modulus. To establish an effective quantification model, we must find a practical way to estimate the population of these electrons. Considering two atoms, A and B, forming a bond in a crystal, the valence electrons are Z A and Z B with coordination numbers of N A and N B , respectively. The EBVE number, n AB , of A-B bond in terms of n A and n B as For the first-principles calculations, crystal structural relaxations and property calculations were performed using density functional theory within both generalized gradient approximation (GGA) and local density approximation (LDA) as implemented in the CASTEP code 56 . Both ultrasoft (U) and normconserving (N) pseudopotentials were employed in the calculations. k-point samplings in the Brillouin zone were chosen by using the Monkhorst-Pack scheme with a resolution of 2p 3 0.04 Å . The elastic constants, C ij , were calculated theoretically based on the stress and strain relation (Hooke's law), then the bulk moduli for polycrystals were estimated using the Voigt-Reuss-Hill approximation which is the arithmetic average of the upper (Voigt) and lower (Reuss) bounds for the actual macroscopic effective elastic constants 6 . The calculated bulk moduli are labeled with GGA-U, GGA-N, LDA-U, and LDA-N according to the selected electron-electron exchange functional and pseudopotential. www.nature.com/scientificreports
